The optimized effective potential equations for atoms have been solved by parametrizing the potential. The expansion is tailored to match the known asymptotic behaviour of the effective potential at both short and long distances. Both single configuration and multi-configuration trial wavefunctions are implemented. Applications to several atomic systems are presented, improving on previous works. The results obtained here are very close to those calculated in either the Hartree-Fock (HF) or the multi-configurational HF framework.
Introduction
The Hartree-Fock (HF) method is the best approximation to the atomic and molecular problem in the independent particle model with a single configuration. Originally it was formulated in terms of a single Slater determinant but in current applications a single configuration, with one or more Slater determinants coupled in the L S scheme, is used; see e.g. [1] . An alternative to the HF equations, always within the independent particle model, is given by the optimized effective potential (OEP) method proposed by Sharp and Horton [2] as a variational alternative to Slater's simplified treatment of the exchange term in the HF equations based on averaging in the occupied orbitals [3] .
In the OEP method an additional constraint is imposed on the variational problem: the orbitals must satisfy a single particle Schrödinger equation with a certain local potential, which is the same for all the electrons (with the same spin). The expectation value of the Hamiltonian of the N-electron system becomes a functional of such a local potential. The effective potential is then varied to minimize the total energy. This gives rise to a linear integral equation in the effective potential [2, 4] whose solution gives the OEP. The wavefunction of the system is then constructed from the single particle wavefunctions which are eigenfunctions of the OEP.
The OEP method has been used in connection with the Kohn-Sham density functional theory [5] [6] [7] [8] . An accurate spin-polarized exchange-only Kohn-Shan potential has been constructed with the OEP method [9] . The local exchange potential obtained from the OEP method has many of the analytical features of the exact Kohn-Sham potential, and it has been recognized as the exact implementation of exchange-only density functional theory [10] . For example, the HF potential can support very few unoccupied excited states because of its exponential fall off and therefore it is not a good starting point for describing excited states; on the other hand as the OEP potentials present the proper long range behaviour they provide better excitation energies.
The use and application of the original form of the OEP was hindered because of the computational difficulties imposed by the OEP integral equation. Initially, a numerical grid method was employed by Talman and Shadwick [4] to solve this equation and further more accurate calculations for atoms have been carried out by using a more refined mesh [11, 12] . Also some approximations to the OEP equations were proposed [13] . An alternative methodology for solving this problem uses a finite basis set expansion and/or analytical forms for the effective potential [8, [14] [15] [16] [17] [18] [19] [20] [21] . The parametrization of the effective potential simplifies greatly the numerical problem of solving the integral equations [8, 15, 18, 21] . The explicit form of the parametrization is proposed using different arguments [15, 18, 22] . The parameters can be fixed either by using the variational method or by matching the one body eigenvalues of the corresponding spin-averaged Dirac equation to the experimentally observed one electron ionization energies [16] .
The aim of this work is to obtain the energy and other properties for atoms in the parametrized OEP approximation. The analytical form used for the optimized potential has been used previously [14, 16] but with simpler expansions. In this work we increase the number of free parameters in the effective potential until convergence is reached. In this way we improve on previous results obtained not only within the parametrized OEP scheme but also by numerically solving the integral equation. We have studied the ground state of the atoms Li to Ar in the L S coupling. Finally the OEP approximation is extended here to multi-configuration wavefunctions in the same spirit as in the multi-configuration HartreeFock (MCHF) method. The binding energy, single particle energies and exchange energies are obtained and compared systematically with their HF counterparts. The best results for the energy of the present work are roughly 1 mHartree above the best self-consistent field results showing the good performance of the local potential approximation.
The structure of this work is as follows. In section 2 we show in detail the parametrization and the algorithm used. The results obtained are reported and discussed in section 3. The conclusions and perspectives can be found in section 4. Atomic units are used throughout.
Parametrized optimized effective potential
The single particle wavefunctions used to construct the Slater determinants of a given single configuration are the eigenfunctions of the so-called effective potential, that in this work is taken to be central:
where λ and σ stand for the spatial and spin quantum numbers, respectively. The total energy of the system is therefore a functional of this single particle potential. The minimum condition on this potential leads to the OEP equations [2] fixing the best effective potential. The energy so obtained will be an upper bound to the exact one and it will be above the HF value. It is also worth pointing out that the role of the effective potential here is just that of an auxiliary function used to calculate the orbitals in the wavefunction.
The parametrization chosen in this work for the effective potential is
with the condition
imposed in order to match the correct short range behaviour of the potential. Because of this constraint we must deal with at least two terms with p = 0; i.e. n 0 2. With respect to the long range asymptotic behaviour, this functional form is such that the potential goes as −(Z − N + 1)/r for large electron-nucleus distances. The number of basis functions used to expand the effective potential is incremented systematically until convergence is reached. As we shall see later, the importance of considering higher values of p increases with the number of electrons. Finally it is worth mentioning here that regular behaviour close to the nucleus has been shown to be relevant in local effective potential theories [23] .
The algorithm is as follows: The single particle Schrödinger equation (1) in step 3 is solved by expanding the radial orbitals in a basis set of Slater-type functions as in the Roothaan-HF method. In particular we have used the same size of the basis set as in [24] : the s-type single particle orbitals are expanded by using six basis functions for the Li to Ne atoms and eight basis functions for the Na to Ar atoms. The radial part of the p-type single particle orbitals is developed as the sum of four basis functions for the B to Ne atoms, five basis functions for Na and Mg and eight basis functions for the atoms Al to Ar. By doing this all the different matrix elements can be computed analytically. The total energy has been minimized with respect to the free parameters of the effective potential by using a SIMPLEX [25] algorithm.
Once we have obtained the single particle wavefunctions we can calculate some other quantities of interest such as the exchange energy
and the HF single particle energies, HF nl , obtained from the expectation value
where I, J and K are the usual single particle, direct and exchange terms calculated starting from the eigenfunctions of the effective potential. The single particle energies HF λ of equation (5) do not coincide with the eigenvalues λ of equation (1), except for the highest occupied orbital. This was proven in [26] within a framework of spin-polarized and arbitrary exchange-correlation functionals. In the scheme of the present study this condition states that HF λ h = λ h , where λ h stands for the highest occupied level. The fulfilment of this condition has been used previously, e.g. in [5, 12] , to assess the accuracy in the solution of the OEP equations.
In general the optimization procedure is very stable for both the total energy and the HF values HF λ . However this is not the case for the eigenvalue λ , as has been noted previously [9, 12] by using a numerical grid method. For this reason and because the exact solution of the OEP must also satisfy the virial relation and the exchange-only virial relation [27, 28] we have minimized the quantity
where E vr x is given by
and V x is the exchange potential. By doing this no significant changes are found for either the total energy or the HF eigenvalues. One should expect this procedure to give rise to a better description of the asymptotic region of the OEP. As has been previously pointed out [5] these two conditions are in some sense complementary. The main contributions to the quantities involved in the exchange-only virial condition arise from the internal region of the atoms whereas the highest energy eigenvalue is governed by the outer region. By including these two conditions in the energy functional we observed a better and more stable convergence in the free parameters as compared to an unconstrained minimization of H . With the basis set used here both conditions are satisfied within one part in 10 −6 Hartree. The method can be generalized straightforwardly to deal with a multi-configuration expansion. The starting trial wavefunction is written as a linear combination of m single configuration wavefunctions with the total orbital angular momentum and spin of the state under study. The Hamiltonian is diagonalized in this set. The orbitals required to build the different Slater determinants are obtained as the eigenfunctions of the single particle effective potential containing several free parameters. The total energy is minimized with respect to those parameters as before. This more general trial wavefunction will provide not only a better description of the lowest energy state of a given symmetry but also a variational approximation to the excited states by the Hylleraas-Undheim theorem which states that the eigenvalues constitute upper bounds to the first m bound states. Such wavefunctions have been recently used along with a correlation factor of Jastrow type to study some excited states of the beryllium atom and of its isoelectronic series [29, 30] .
Results
In table 1 the results obtained by using different parametrizations of the effective potential are analysed. We show the values for the Ne atom which is representative for the systems studied here. We compare with the numerical OEP results of [12] and [31] and with the finite basis set expansion of the effective potential of [18, 21] . The approximate values of [9] are also reported. The HF results are taken from [32] and are the benchmark values for the total energy obtained from the OEP method. We also report the exchange energy, E x , and the eigenvalues nl and HF nl . The notation used for the parametrization is (0
where n p is the number of functions of the type e −β k, p r r p /r used in the expansion of the effective potential (2). The best results are obtained with the (0 2 , 1 2 , 2 2 ) parametrization and this is the one used for the rest of the atoms. It can be seen that the value of the total energy does not depend substantially on the basis set, but this is not the case for the other quantities. The use of bigger basis set sizes for the effective potential does not noticeably improve the energy for the atoms Li to Ar and it increases the computational effort. However for heavier atoms we have numerically checked that the rate of convergence can be substantially improved by including higher powers of r in the parametrization of the effective potential.
In figure 1 we plot the effective potential for the Ne and Si atoms and the differences from the numerical results of [31] . The results for these atoms are representative for the rest considered here. Note that the differences are multiplied by 10 to show them better on the scale of the figure.
The best result of this work improves on previous ones obtained within the OEP scheme and is only 0.57 mHartree above the HF result. The expectation values HF λ obtained with the OEP orbitals are in very good agreement with the corresponding single particle energies obtained within the HF framework. This is because of the fact, pointed out previously [9] , that the single particle wavefunctions calculated from the OEP method are a good approximation to the HF orbitals. The ground state and exchange energies of the atoms Li to Ar as well as the single particle expectation values, HF nl , and the single particle OEP eigenvalues, nl , are reported in tables 2 and 3. All of these quantities are compared with those obtained within the HF framework and with the numerical OEP results of [31] . Within the HF framework the two quantities HF nl and nl are the same, so we do not list them separately. For all the atoms the (0 2 , 1 2 , 2 2 ) parametrization for the effective potential has been used.
As can be noted there is an appreciable improvement in the results, especially for the lightest atoms, which can be more easily seen in figure 2 where we plot the relative error (in %) of our ground state energy with respect to the HF one as compared to the relative error for the numerical solution. In the present work the relative error is nearly constant for all the atoms considered. In principle one should expect a better energy coming from the numerical solution than from the parametrized one as used in this work. The reason for the better performance of the parametrized solution may be the numerical inaccuracies in the numerical solution of the OEP equations due to the rather involved procedure used for its solution. Previous works have also reported energies calculated from a parametrized solution that are below the numerical solution [18, 21] . It is worth mentioning here that for Be, Ne, Mg and Ar atoms more accurate results for highest occupied single particle eigenvalues have been reported [5, 12] , but the total energy is very similar to that of [31] .
To illustrate the performance of the OEP with a multi-configurational trial wavefunction we have applied it to a simple case. In table 4 we study the ground and the first 1 P excited state of the beryllium atom using a two configuration wavefunction in both cases. We compare our results with the corresponding MCHF ones [1, 33] for the same states and configurations. For 
In table 4 we show the values for the energy and for the coefficients c k and d k obtained with the OEP method as compared with the corresponding MCHF ones [33] . The good agreement between the two sets of results for both states is apparent; this illustrates that the OEP method not only provides a good value for the energy but also an adequate weight for all of the configurations involved in the corresponding state. For this case the OEP method with a multiconfiguration trial wavefunction compares with the MCHF method at the same level as the OEP method with the HF one. More complex wavefunctions using a larger number of configurations have been used to study these and some other excited states of this atom and its isoelectronic series [29, 30] . In those works, a not fully optimized multi-configuration wavefunction was used to build up more accurate explicitly correlated wavefunctions of Jastrow type.
Conclusions
The OEP with parametrized potential has been used to study the ground state of the atoms from Li to Ar. Parametrized orbitals have been used to solve the corresponding single particle Schrödinger equation. The virial relation of Ghosh and Parr and Levy and Perdew involving the exchange energy and the exchange potential and a condition for the highest energy occupied orbital of Krieger, Li and Iafrate have been imposed. These are two analytically known conditions that the exact solution of the OEP equations must fulfil. We have included them in our functional and a constrained search of the optimum parameters is carried out. As a result for the minimum both of them hold within 10 −6 Hartree and the minimum energy is not substantially different to that obtained in an unconstrained minimization. The tail of the effective potential is expected to be better reproduced by imposing the homo-condition.
The method has been generalized to work with multi-configuration wavefunctions as in the MCHF method. This multi-configuration OEP method provides results very close to those obtained by using the MCHF method.
An analysis on the convergence on the parametrization of the effective potential is carried out. The results obtained are very close to the HF self-consistent energies, eigenvalues and exchange energies improving on previous OEP calculations. Results for several bound states of the beryllium atom obtained by using multi-configuration wavefunctions have been reported.
